Abstract. In this paper we relate the generator property of an operator A with (abstract) generalized Wentzell boundary conditions on a Banach space X and its associated (abstract) Dirichlet-to-Neumann operator N acting on a "boundary" space ∂X. Our approach is based on similarity transformations and perturbation arguments and allows to split A into an operator A00 with Dirichlet-type boundary conditions on a space X0 of states having "zero trace" and the operator N . If A00 generates an analytic semigroup, we obtain under a weak Hille-Yosida type condition that A generates an analytic semigroup on X if and only if N does so on ∂X. Here we assume that the (abstract) "trace" operator L : X → ∂X is bounded what is typically satisfied if X is a space of continuous functions. Concrete applications are made to various second order differential operators.
Introduction
The generation of analytic semigroups by differential operators with generalized Wentzell boundary conditions on spaces of continuous functions attracted the interest of many authors, and we refer, e.g., to [CM98] , [FGGR02] , [Eng03] , [EF05] , [FGG + 10] . For their derivation and physical interpretation we refer to [Gol06] . The present paper is a continuation and improvement of [EF05] where we introduced a general abstract framework to deal with this problem. Before recalling this setting we consider the following typical example in order to explain the basic ideas and the goal of our approach. Take a smooth bounded domain Ω ⊂ R n . Then consider on C(Ω) the Laplacian ∆ m with "maximal" domain D(∆ m ) := {f ∈ C(Ω) : ∆ m f ∈ C(Ω)}, where the derivatives are taken in the distributional sense. Finally, let f ∈ D(A) : ⇐⇒ ∆ m f ∂Ω = β · ∂ ∂n f + γ · f ∂Ω . Our approach decomposes a function f ∈ C(Ω) into the (unique) sum f = f 0 + h of a function f 0 vanishing at the boundary ∂Ω and a harmonic function h having the same trace as f . In other words, if L : C(Ω) → C(∂Ω), Lf := f | ∂Ω denotes the trace operator, then f 0 ∈ ker L = C 0 (Ω) while h ∈ ker(∆ m ). Since h is uniquely determined by its trace, it can be identified with its boundary value x := Lh. Hence, every f ∈ C(Ω) corresponds to a unique pair f 0 x ∈ C 0 (Ω) × C(∂Ω). To formalize this decomposition we introduce an abstract "Dirichlet operator " L 0 : C(∂Ω) → C(Ω). To this end we consider for a given "boundary function" x ∈ C(∂Ω) the Dirichlet problem
This system admits a unique solution f ∈ C(Ω), so by setting L 0 x := f we obtain an operator L 0 ∈ L(C(∂Ω), C(Ω)). For f ∈ C(Ω) we then have f = f 0 + h where f 0 := (Id −L 0 L)f and h = L 0 x for x := Lf . By (1.1) it then follows (for the details see
Step 1 below in the proof of Theorem 3.1) that A on C(Ω) transforms into an operator matrix A on C 0 (Ω) × C(∂Ω) of the form A := ∆ m 0 0 N + P with some appropriate "non-diagonal" domain D(A) ⊂ C 0 (Ω) × C(∂Ω), see [Eng98] , [Eng99] , [Nag90] . Here P denotes an unbounded perturbation while N := β · ∂ ∂n · L 0 is the so called Dirichlet-to-Neumann operator on C(∂Ω), see [Esc94] , [Tay96, Sect. 12 .C]. That is, N x is obtained by applying the Neumann boundary operator to the solution f of the Dirichlet problem (1.2). Using perturbation arguments one can show that A, hence also A, generate analytic semigroups if and only if the Dirichlet Laplacian ∆ 00 on C 0 (Ω) and the Dirichlet-to-Neumann operator N on C(∂Ω) do so. This means that we decoupled the operator A ⊂ ∆ m with generalized Wentzell boundary conditions on X := C(Ω) into an operator A 00 := ∆ 00 with Dirichlet boundary conditions on X 0 := C 0 (Ω) and the Dirichlet-to-Neumann operator N := β · ∂ ∂n · L 0 on the boundary space ∂X := C(∂Ω). Since it is well-known that ∆ 00 generates an analytic semigroup, our main result applied to this example yields that A generates an analytic semigroup on C(Ω) if and only if N generates an analytic semigroup on C(∂Ω). Since the latter is true, see [Eng03, Sect. 2], we conclude that A ⊂ ∆ m with generalized Wentzell boundary condition (1.1) is the generator of an analytic semigroup. We mention that our approach also keeps track of the angle of analyticity and, in the above example, gives the optimal angle π 2 . This paper is organized as follows. In Section 2 we introduce our abstract setting and then state in Section 3 our main abstract generation result, Theorem 3.1. In the following Section 4 we show that the generator property of operators with generalized Wentzell boundary conditions is invariant under "small" perturbations with respect to the action as well as the domain, cf. Theorem 4.2 and Theorem 4.3. For these proofs we study in Lemma 4.6 and Proposition 4.7 how the Dirichlet-and Dirichlet-to-Neumann operator, respectively, behaves under relatively bounded perturbations. Finally, in Section 5 we apply our abstract results to second order differential operators on C([0, 1], C n ), the Banach space-valued second-order derivative, a perturbed Laplacian with generalized Wentzell boundary conditions and uniformly elliptic operators on C(Ω). Our notation follows the monograph [EN00] .
The Abstract Setting
As in [EF05, Section 2], the starting point of our investigation is the following Abstract Setting 2.1. Consider (i) two Banach spaces X and ∂X, called state and boundary space, respectively; (ii) a densely defined maximal operator
Using these spaces and operators we define the operator A B : D(A B ) ⊂ X → X with abstract generalized Wentzell boundary conditions by
If B = 0 the boundary conditions defined by (2.1) are called pure Wentzell boundary conditions. For an interpretation of Wentzell-as "dynamic boundary conditions" we refer to [EF05, Sect. 2].
To fit the example from the introduction into this setting it suffices to choose X := C(Ω),
In the sequel we need the (in general non-densely defined) operator A 0 :
Assumptions 2.2.
(i) The operator A 0 is a weak Hille-Yosida operator on X, i.e. there exist λ 0 ∈ R and
(ii) the operator B is relatively A 0 -bounded with bound 0, i.e., D(A 0 ) ⊆ D(B) and for every ε > 0 there exists M ε > 0 such that
(iii) the abstract Dirichlet operator L 0 := (L| ker(Am) ) −1 : ∂X → ker(A m ) ⊆ X exists and is bounded, i.e., for every x ∈ ∂X the abstract Dirichlet problem
We note that by [Gre87, Lem.
In the sequel we will need the following operators.
Then for * ∈ {1, 0, 00} we consider the restrictions A * ⊂ A m and G * ⊂ G m given by
LG m f = 0},
In other words, D * for D ∈ {A, G} and * ∈ {0, 1, 00} is a restriction of D m . For * = 0 this restriction corresponds to abstract Dirichlet boundary conditions and for * = 1 to pure Wentzell boundary conditions on X, while D 00 is the part of D 0 as well as of D 1 in X 0 . Finally, we define the abstract Dirichlet-to-Neumann operator N :
This operator plays a crucial role in our approach.
The Main Result
The following is our main abstract result. In contrast to [EF05, Thm. To complete the proof it suffices to verify that (a) ⇒ (d) for D 00 = G 00 . We proceed in several steps where we put X 0 := X 0 × ∂X.
Step 1. The operator
Proof. The operator
is bounded and invertible with bounded inverse
Step 2. The operator A 0 : D(A 0 ) ⊂ X 0 → X 0 given by
generates an analytic semigroup of angle α > 0 on X 0 .
Proof. By assumption A generates an analytic semigroup of angle α > 0 on X. Hence, by
Step 1, A generates an analytic semigroup of angle α > 0 on X 0 . Since B is relatively A 0 -bounded with bound zero, a simple computation using the triangle inequality shows that Step 3. There exists
Proof. By assumption A 0 is a weak Hille-Yosida operator. Since A 0 and 
) which shows the first claim.
Next we claim that λ − N is injective for λ ≥ λ 0 . If by contradiction we assume that there exists 0 = x ∈ ker(λ − N ), a simple computation shows that
For y = 0 it follows (λ − N )x = 0 and hence x = 0. This implies R 21 (λ) = 0. Moreover, by (3.2) the operator λ − N must be surjective, hence it is invertible with inverse
Step 4. D 00 and N generate analytic semigroups of angle α > 0 on X 0 and ∂X, respectively.
Proof. Denote by (T 0 (t) t≥0 the semigroup generated by A 0 . Then by [EN00, Thm. II.1.10] for λ ∈ R sufficiently large R(λ, A 0 ) is given by the Laplace transform
Since L is injective, (3.1) implies that the semigroup generated by A 0 is given by
where (T (t)) t≥0 and (S(t)) t≥0 are semigroups on X 0 and ∂X generated by G 00 and N , respectively. Since by assumption (T 0 (t) t≥0 is analytic of angle α > 0, also the semigroups generated by G 00 and N are analytic of angle α.
This completes the proof of Theorem 3.1.
Since by [EN00, Thm. II.4.29] an analytic semigroup is compact if and only if its generator has compact resolvent, the following result relates compactness of the semigroups generated by A and D 00 , N . 
are all compact. The latter is the case if and only if R(λ, G 0 )L 0 is compact. Now writing
we conclude that R(λ, A 0 ) is compact if and only if R(λ, G 0 ) and R(λ, N ) are compact.
Perturbations of Operators with Generalized Wentzell Boundary Conditions
In many applications the feedback operator B : D(B) ⊂ X → ∂X which determines the boundary condition in (2.1) splits into a sum
For example in (1.1) we could choose B 0 = β ∂ ∂n (which determines the feedback from the interior of Ω to the boundary ∂Ω) and the multiplication operator C = M γ ∈ L(∂X) (which governs the "free" evolution on ∂Ω). Next we study this situation in more detail where we allow C to be unbounded. (
is bijective with inverse L. Hence, using the first decomposition in (2.2) we conclude
This implies the claim.
(ii). By assumption, we have
This implies
. Summing up this gives the desired inclusion.
Note that in part (ii) of the previous result we cannot expect the inclusion
We now return to the decomposition B = B 0 +CL from (4.1) and consider for a relatively A mbounded perturbation P :
Next we assume that C is relatively To prove the previous two theorems we use a series of auxiliary results. First we show the equivalences of (a) and (b) in case P = 0. 
By [EN00, Thm. III.2.10] it follows that N B generates an analytic semigroup of angle α > 0 on ∂X if and only if C does. The claim then follows by Theorem 3.1.
Next we study how Dirichlet operators behave under perturbations.
Lemma 4.6. Let P :
∈ L(∂X, X) exists and satisfies
: ∂X → X is bounded as well. This implies that
it follows that LT x = LL Am λ x = x. Hence, L| ker(λ−Am−P ) is surjective with right-inverse T . Since ker(λ − A m − P ) ∩ X 0 ⊂ ker(λ − A 0 − P ) = {0} we conclude that L| ker(λ−Am−P ) is injective as well. This implies that it is invertible with inverse L Am+P λ = T and proves the first identity in (4.3). The second one follows by changing the roles of A m and A m + P .
Next we consider perturbations of Dirichlet-to-Neumann operators. ). Moreover, from (4.3) we conclude
To conclude the proofs of Theorem 4.2 and Theorem 4.3, we need one further result. It shows that the assertion (a) in both results is independent under the perturbation P . Proof of Theorem 4.2 and Theorem 4.3. By Lemma 4.8 assertion (a) is independent of P while by Lemma 4.4 and Lemma 4.5, respectively, for P = 0 it is equivalent to (b). Since the equivalence of (b) and (c) follows Theorem 3.1 the proof is complete. (a 1 , . . . , a n ) and b, c ∈ C([0, 1], M n (C)). Moreover, define the maximal operator
Examples

Second Order Differential Operators on
and take B ∈ L(C 1 ([0, 1], C n ), C 2n ).
and
generates a compact and analytic semigroup of angle
, hence A coincides with the operator defined in (2.1). Since
is a relatively A m -bounded with A 0 -bound 0 (see Step 4 below), we assume by Theorem 4.2 without loss of generality that b = c = 0. Next we verify Assumptions 2.2 and the hypotheses of Theorem 3.1.
Step 1. The abstract Dirichlet operator L 0 ∈ L(∂X, X) exists. A simple calculation then shows that
. . .
Step 2. The operator A 0 on X is sectorial of angle π 2 and has compact resolvent. Proof. Step 3. The maximal operator A m is densely defined and closed.
Step 1, Step 2 and [EF05, Lem. 3.2] it follows that A m is closed.
Step 4. The feedback operator B is relatively A 0 -bounded of bound 0. Step (iii)] it follows that for all ε > 0 there exists a constant C ε > 0 such that
Step 5. The Dirichlet-to-Neumann operator N generates an analytic, compact semigroup of angle We give a particular choice for the operator B.
generates a compact and analytic semigroup of angle 
generates an analytic semigroup of angle α ∈ (0,
Proof. We consider ∂X := Y 2 and define L ∈ L(X, ∂X) by Lf :=
. Moreover, define
Then A coincides with the operator given by (2.1). Since P is a relatively A m -bounded of A m -bound 0 and Φ ∈ L(X, ∂X), by Theorem 4.3 it suffices to verify the Assumptions 2.2 and that A 0 is sectorial of angle α > 0.
Step 1. The abstract Dirichlet operator L 0 ∈ L(∂X, X) exists. 
Step 2. The operator A 0 on X is sectorial of angle
Proof. This follows as in the proof of [EN00, Thm VI. 4.1].
Step 3. The maximal operator A m is densely defined and closed. Step 4. The feedback operator B is relatively A 0 -bounded of bound 0.
Proof. For f ∈ D(A 0 ) ⊂ X 0 we have Bf = Φf . Since Φ is bounded, this implies the claim.
Summing up, by Theorem 3.1 the claim follows completing the proof.
5.3.
Perturbations of the Laplacian on C(Ω) with generalized Wentzell boundary conditions. In this subsection we complement the example from the introduction concerning the Laplacian on C(Ω) with generalized Wentzell boundary conditions, see also [Eng03] .
To this end we consider a bounded domain Ω ⊂ R n with C ∞ -boundary ∂Ω and take an operator P ∈ L(C 1 (Ω), C(Ω)) (e.g. a first-order differential operator). Then we define the perturbed Laplacian A : D(A) ⊂ C(Ω) → C(Ω) with generalized Wentzell boundary conditions by Af := ∆ m f + P f for
denotes the Laplace-Beltrami operator. In case P = 0, q = 0 this just gives the operator A from the introduction. As we will see below for q > 0 the Laplace-Beltrami operator will dominate the dynamic on the boundary ∂X.
1 However, in this case essentially the same generation result holds as for q = 0. 
Uniformly Elliptic Operators on C(Ω).
We consider a uniformly elliptic second-order differential operator with generalized Wentzell boundary conditions on C(Ω) for a bounded domain Ω ⊂ R n with C ∞ -boundary ∂Ω. To this end, we first take real-valued functions a jk = a kj ∈ C ∞ (Ω), a j , a 0 , b 0 ∈ C(Ω), 1 ≤ j, k ≤ n satisfying the uniform ellipticity condition Remark 5.7. This result generalizes [EF05, Cor. 4.5] and via Theorem 3.1 also the main theorem in [Esc94] . Moreover, it shows that the angle of the analytic semigroup generated by A only depends on the matrix (a jk ) n×n .
Conclusion
Our abstract approach allows to decompose an operator A with generalized Wentzell boundary conditions into an operator A 0 with (much simpler) abstract Dirichlet boundary conditions and the associated abstract Dirichlet-to-Neumann operator N . In particular we prove, under a weak resolvent condition on A 0 , that 
